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 9 
Abstract: This study presents a practical consolidation solution for ground 10 
improvement used prefabricated vertical drains (PVDs) by incorporating the available 11 
time-dependent discharge rate around PVDs, which can be easily obtained by 12 
laboratory test and field monitoring. Only radial consolidation is taken into account in 13 
the derivation to significantly simplify the final expression as the vertical 14 
consolidation can be neglected in a typical soft ground improvement project. The 15 
proposed solution is verified by the finite element method (FEM) and two case 16 
histories, including vacuum preloading and surcharge loading. The verification results 17 
show that the proposed solution can predict the development of excess pore water 18 
pressure (EPWP) and the degree of consolidation (DOC) effectively and accurately. 19 
Design charts and framework are developed to assist geotechnical engineers in using 20 
this solution for field construction and performance prediction. 21 
Keywords: axisymmetric consolidation; time-dependent discharge rate; equal-strain 22 
assumption; numerical simulation 23 
 24 
Nomenclature 25 
r, z radial and vertical coordinates 26 
u, ,  u0 excess pore water pressure (EPWP), average radial EPWP, virtual 27 
EPWP in the radial direction and initial average EPWP 28 
Cv, Ch vertical and horizontal coefficients of consolidation 29 
mv volumetric compressibility 30 
kv, kh, ks vertical hydraulic conductivity and horizontal hydraulic conductivity within 31 
undisturbed zone, and horizontal hydraulic conductivity of smear soil 32 
γw unit weight of water 33 
t elapsed time 34 
h, de, d thickness of soft soil, effective influence diameter of PVD and PVD spacing 35 
Es constrained modulus of the soil 36 
εv volumetric strain 37 
rd, rs, re radius of the equivalent cylinder of PVD, the smeared zone, and the effective 38 
influence zone of PVD 39 
q(t) time-dependent discharge rate around PVDs 40 
A wetted cross-section area 41 
g(t) time-dependent EPWP gradient at r = rd 42 
ru ru
cs ratio between the horizontal hydraulic conductivity of soil within smear zone and 43 
undisturbed zone 44 
n, s ratio between the radii of effective influenced zone and PVD and ratio between 45 
the radii of smear zone and PVD 46 
U, Ut degree of consolidation (DOC) and modified DOC induced by multi-stage 47 
loading 48 
s, sc time-dependent settlement at any given time and the ultimate settlement 49 
a, b width and thickness of band-shaped drainage board 50 
tn-1, tn starting and ending time of each stage under a constant-speed loading process 51 
Δp′, Δp" loading increments that correspond to the first and second stages of loading 52 
qw0 initial value or short-term value of the discharge rate around PVDs 53 
A0 coefficient with respect to the time-dependent discharge rate 54 
 55 
Introduction 56 
Civil engineering infrastructures are commonly constructed on weak soils that require 57 
improvement to resist applied loads [27, 31, 38, 48]. Improving soils in a 58 
time-efficient and cost-effective manner can not only ensure a safer, more reliable, 59 
efficient, sustainable, and resilient infrastructure but also offer great value to investors, 60 
contractors, and users [1, 4, 47, 34]. Prefabricated vertical drains (PVDs) are widely 61 
used in practice by creating short horizontal drainage paths to accelerate the process 62 
of soil consolidation [5, 8, 12, 22, 23, 39, 43, 45]. 63 
As a valuable factor to provide rational guidance on the effectiveness of soft ground 64 
improvement, the degree of consolidation (DOC) evaluated by field settlement 65 
measurement is widely used in the field. Nonetheless, the use of settlement 66 
measurement to estimate DOC could be problematic [17, 33, 35, 41]. Chu and Yan [16] 67 
indicated it is more suitable to predict DOC by utilizing pore pressure dissipation 68 
instead of settlement measurement due to the existing post-construction settlement 69 
during the primary consolidation. Currently, the pore pressure within the subsoil is 70 
measured by piezometers or pore pressure transducers which can cause some 71 
discrepancy [19]. 72 
During the PVD-assisted consolidation process, pore water can be squeezed out of 73 
soil under surcharge loading or sucked out through vacuum preloading, flows into and 74 
through PVDs, and then removed by pumps. Generally, the more water squeezed out 75 
from soil, the more water removed from PVDs by pumps due to the high discharge 76 
capacity of pumps. Thus, field and laboratory tests showed that soil consolidation 77 
behavior is associated with the variation of time-dependent discharge rate within 78 
PVDs [3, 14, 42]. According to aforementioned description of the relationship 79 
between time-dependent discharge and consolidation behavior, the prediction of DOC 80 
by adopting the time-dependent discharge rate around PVDs can be a potential 81 
complementary approach to predict the effectiveness of soft ground improvement by 82 
using settlement and pore pressure measurement. 83 
A simplified solution is derived in this study to predict soil consolidation behavior 84 
with respect to the discharge rate around PVDs. Considering the fact that an accurate, 85 
time-dependent discharge rate of PVDs can be determined by laboratory experiment 86 
and field monitoring, the proposed solution can be used to predict actual soil 87 
consolidation behavior, then to instruct the geotechnical design and predict the 88 
consolidation behavior during the construction. The proposed analytical solution is 89 
verified by a comparison with a finite element model (FEM). At the end, this study 90 
presents two case histories to demonstrate its practical prediction to the field 91 
consolidation behavior. Furthermore, some actual design steps by using the proposed 92 
method and design charts are presented for its practical uses. 93 
 94 
Consolidation Model 95 
Governing equations 96 
Governing equations are established based on an axisymmetric model for the soil 97 
consolidation with a single PVD penetrating the soil stratum completely shown in 98 
Figure 1. The axisymmetric model is based on the following assumptions: 99 
(1) The soil unit cell has a constant thickness and is assumed to be homogeneous and 100 
saturated during the entire consolidation process. 101 
(2) The seepage of pore water within the subsoil yields Darcy’s law. 102 
(3) The soil is subjected to a constant surcharge loading, which is applied 103 
instantaneously. The initial excess pore water pressure (EPWP) is uniform along the 104 
depth of the soil. 105 
(4) The stress-strain relationship of the soil deposit is assumed to be linearly elastic 106 
during the entire consolidation process. 107 
(5) The small stain assumption is valid on the unit cell. 108 
(6) Deformation occurs on the vertical direction only, and the horizontal displacement 109 
is neglected. And the vertical deformation is caused by pore water pressure 110 
dissipation. 111 
(7) One-way drainage unit cell is assumed herein, namely pervious boundary for top 112 
and impervious boundary for bottom of the unit cell. 113 
(8) The soil deposit is fully saturated during the entire consolidation process with two 114 
phases, namely liquid and solid phases. 115 
Based on these assumptions, the governing equations of consolidation of soil are 116 
presented as follows [2]: 117 
                  (1) 118 
                    (2) 119 
where r and z are the radial and vertical coordinates, respectively; u represents 120 
time-dependent EPWP; Cv and Ch are the vertical and horizontal coefficients of 121 
consolidation, respectively; mv denotes the volumetric compressibility, and kv and kh 122 
are the vertical and horizontal hydraulic conductivity, respectively, which can be 123 
measured by laboratory or field tests [7, 40]; γw is the unit weight of water; and t is the 124 
elapsed time. 125 
Orleach [36] concluded that vertical consolidation of soil can be neglected in most of 126 
the cases with PVDs, for example, when the time factor Tv/Th < 0.02 (i.e., Tv = Cvt/h2, 127 
Th = Cht/de2, h and de are the thickness of soft soil and the effective influence diameter 128 
of PVD, respectively. de = 1.05d when PVDs are arranged in a triangular pattern or de 129 
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= 1.13d when PVDs are arranged in a square pattern. d denotes the spacing between 130 
two adjacent PVDs). These parameters can be readily obtained in practice. For 131 
example, if PVDs are arranged in a triangular pattern with a typical spacing of 1.0 m 132 
(de ≈ 1.05 m) and the thickness of soil deposit is larger than 10 m, and the Ch and 133 
Cv values are assumed to be the same, then Tv/Th would be less than 0.02. In most 134 
practices, the PVD-assisted ground technique is used to improve thick soft soil (h > 135 
10 m). Moreover the Cv/Ch value is normally less than 1.0 [37]. Hence, the scenario of 136 
Tv/Th < 0.02 is very common in actual practice and the vertical consolidation behavior 137 
is neglected in this study. 138 
In general, the strain condition is assumed to be free-strain or equal-strain condition to 139 
solve a consolidation problem [6, 32, 44]. When flexible surcharge is applied on the 140 
ground surface, it will result in differential settlement at the surface. For this scenario, 141 
free-strain condition can be assumed. However, when rigid surcharge is applied on the 142 
ground surface, the surface settlement will be uniform. For this scenario, equal-strain 143 
condition can be assumed. To better stabilize the upper structure, the surface 144 
settlement should remain uniform [46]. As a result, the equal settlement is a basic 145 
requirement for PVD-assisted ground within the design scheme. According to 146 
Orleach’s conclusion and equal-strain assumption, Eq. (1) can be simplified as [24, 147 
25]: 148 
                      (3) 149 
where  and  are the average radial EPWP and virtual EPWP in the radial 150 
direction, respectively. 151 
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Based on the equal-strain assumption, the vertical strain along the radial direction of 152 
the soil is equal to its average value: 153 
                          (4) 154 
where Es denotes the constrained modulus of the soil; εv represents the volumetric 155 
strain. 156 
Eq. (4) is substituted into Eq. (3) after considering the smear effect to obtain the 157 
following governing equations: 158 
                (5a) 159 
                (5b) 160 
where ks is the horizontal hydraulic conductivity of the smeared soil; rd, rs, re 161 
represent the radii of the equivalent cylinder of PVD, the smeared zone, and the 162 
effective influence zone of the PVD, respectively, as shown in Figure 1. 163 
 164 
Boundary and initial conditions 165 
Three boundary conditions are established at r = rd, r = rs, and r = re. r = rd stands for 166 
the interface between the equivalent cylinder of PVD and the smeared soil. Note that 167 
as vertical consolidation is not taken into account in the present work, the effect of 168 
gravity on the discharge is ignored in the soil deposit and is taken account in the 169 
PVDs when well resistance exists. The discharge develops consistently along the 170 
length of the PVD during the consolidation process. Introducing the Dupuit 171 
assumption [21], the EPWP gradient at r = rd can be obtained: 172 
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where q(t) is the time-dependent discharge rate around PVDs; A = 2  is the 174 
wetted cross-section area; and g(t) represents the time-dependent EPWP gradient at r 175 
= rd. 176 
r = rs stands for the interface between the smeared soil and the undisturbed soil. The 177 
continuity of the flow rate at r = rs can be described by: 178 
                      (7) 179 
r = re stands for an impervious boundary, beyond which the EPWP is not influenced 180 
by the PVD. The impervious boundary condition at r = re is described by: 181 
                          (8) 182 
Under the initial condition, it is assumed that the radial EPWP is equal to the constant 183 
initial average EPWP u0, which equals to the magnitude of instantaneous surface 184 
surcharge loading. This initial condition can be expressed as follows: 185 
                          (9) 186 
 187 
Solutions 188 
Double integrating Eq. (4) about r and introducing the boundary conditions expressed 189 
by Eqs. (6) to (8), the radial EPWP can be obtained as follows by assuming cs = ks/kh: 190 
          (10a) 191 
         (10b) 192 
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It can be seen that the EPWP at r = rs is the only unknown variable in Eq. (10). To 193 
obtain its expression, the average radial EPWP is introduced, which is defined as: 194 
                   (11) 195 
Substituting Eq. (10) into Eq. (11), the average radial EPWP is obtained by integration, 196 
as presented in detail in Appendix A: 197 
                     (12) 198 
where 199 
                         (13) 200 
          (14) 201 
                       (15) 202 
                       (16) 203 
where n = re/rd, s = rs/rd. 204 
Eq. (17) is obtained by integrating Eq. (5a) and (5b) on r. 205 
                (17a) 206 
                (17b) 207 
By substituting r = rd into Eq. (17), the following equation is obtained based on Eqs. 208 
(4) and (6): 209 
                    (18) 210 
Integrating Eq. (18) on t and introducing the initial condition of Eq. (9), the average 211 
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EPWP can be expressed as: 212 
                  (19) 213 
Substituting Eq. (19) into Eq. (12), the EPWP at r = rs is obtained: 214 
            (20) 215 
Substituting Eq. (20) to Eq. (10), the solutions for the radial EPWP at any arbitrary 216 
radial distance are obtained: 217 
          (21a) 218 
         (21b) 219 
                         (22) 220 
                           (23) 221 
                            (24) 222 
                  (25) 223 
Based on the definition of DOC, Eq. (19) can be used to calculate the DOC: 224 
                 (26) 225 
where U is the DOC. 226 
The solution for the EPWP without considering the smear effect can be obtained by 227 
assuming rs = re in Eq. (21a) or assuming rs = rd in Eq. (21b), and ks = kh for both 228 
solutions. The DOC without a smear effect can be obtained by the aforementioned 229 
process. 230 
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As shown in the above procedure of derivation, the final solution has been 231 
significantly simplified; therefore, it can be used conveniently. In addition to typical 232 
parameters required for conventional consolidation theories, the time-dependent 233 
discharge rate around PVDs is required to estimate the consolidation behavior. As 234 
expected, the time-dependent discharge rate in PVDs is affected by the lateral stress 235 
around PVDs. There are various equipments reported in previous literature [3, 10] 236 
used to simulate the field stress state and then measure the discharge rate in PVDs in 237 
laboratory scale. According to the proposed solution incorporating the available 238 
measurement of time-dependent discharge rate in laboratory, the consolidation curve 239 
can be determined to instruct the geotechnical design of associated projects. The 240 
detailed procedure is presented in the section of discussion. Additionally, the proposed 241 
solution can also be used to predict the real-time development of EPWP and 242 
settlement by measuring directly and accurately with the assistance of some gauges 243 
(e.g., Groundwater Flowmeter) installed in the PVDs. 244 
 245 
Verification 246 
Comparison with numerical simulation 247 
Figure 2 shows the numerical model established with ABAQUS. The yellow area is 248 
the undisturbed soil, and the gray area is the smeared zone. The radius of the smeared 249 
zone is assumed as 2rd [26]. An elastic constitutive model is used in the numerical 250 
analysis. Table 1 shows the properties of the soft soil according to Rixner et al [37]. 251 
As the vertical consolidation is not considered in this study, the gravity is not applied 252 
on the numerical model. Thus, the flow rate in the numerical simulation around the 253 
nodes of the PVD remains consistent along the length of the PVD. To better display 254 
the numerical model, the thickness of the soil is set to be 50 cm (h = 50 cm). The 255 
influence radius re equals to 20 times of the equivalent radius of the PVD (i.e., rd,) [13] 256 
which is defined according to one of the most commonly-used band-shaped drainage 257 
boards as [24, 25]: 258 
                          (27) 259 
where a and b are the width and thickness of the band-shaped drainage board and the 260 
geometric dimension of the most commonly-used band-shaped drainage board is 100 261 
mm × 4 mm. 262 
Impervious boundaries are created on the outer surfaces of the numerical model as 263 
shown in Figure 2. A 100 kPa instantaneous load is applied on the upper surface of the 264 
numerical model. Note that the discharge rate around PVDs is unknown during the 265 
consolidation process. If a specific time-dependent discharge rate is applied on the 266 
surface of the PVD, it is difficult for the numerical model to converge due to the 267 
specific time-dependent discharge rate is related to many factors, such as lateral 268 
pressure, hydraulic conductivity in smeared zone and the permeability at the interface 269 
between PVDs and soil, and normally the development of discharge rate may not be 270 
applied on numerical model directly. Therefore, to obtain the time-dependent 271 
discharge rate and verify the proposed solution, the EPWP around PVDs is assumed 272 
to be 0 kPa during the simulation of the consolidation process and the flow rate at the 273 
node of PVD can be recorded in calculation. 274 
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Figure 3 shows the development of the settlement versus the radial distance of the 275 
measuring point from the center of the PVD. It is shown that the settlements at 30, 60, 276 
and 100 days are approximately uniform at different distances from the center of the 277 
PVD. This result implies that the equal-strain assumption is suitable for the 278 
consolidation of soil with PVDs. 279 
Figure 4 shows the variation of flow rate around PVDs with time. The flow rate 280 
decreases exponentially with time. Substituting these rates into Eq. (21) yields the 281 
development of EPWP in the radial direction. Figure 5 shows the comparison between 282 
the simulated and calculated normalized EPWP in the radial direction by FEM and the 283 
solution proposed in this study, respectively. Good agreements are obtained between 284 
the simulated and calculated results for the model. Figure 5 shows that the EPWP 285 
increases with the increase of distance from the center of the PVD. With an increase 286 
of the time, the difference in the EPWP from the center to a certain distance becomes 287 
negligible. Also, the difference between the simulated and calculated results decreases. 288 
From Figure 5, it can be concluded that the proposed solution can well predict the 289 
variation of EPWP at different distances from the center of the PVD during the entire 290 
process of consolidation. 291 
To obtain the DOC by the numerical simulation, the settlement at 100 years is first 292 
simulated by the numerical model and considered as the ultimate settlement of the 293 
model. The simulated DOC of the model at any time can be calculated by: 294 
                            (28) 295 
where s and sc are the settlement at any time and the ultimate settlement, respectively. 296 
cs
sU =
Figure 6 compares the simulated and calculated DOC, which are in good agreement. It 297 
can be observed that the proposed solution slightly underestimated the DOC as 298 
compared with the simulated result at the initial time. Their difference becomes 299 
smaller with an increase of the time. The overall relative error does not exceed 10%. 300 
This comparison also proves that the proposed solution can well predict the 301 
consolidation behavior of the soft soil as that in the FEM model. 302 
 303 
Comparison with field tests 304 
Case A 305 
A well-documented case history involving a fill embankment at the Saga Airport in 306 
Japan was reported by Chai et al [9]. This airport was constructed on a reclaimed land 307 
close to the Ariake Bay. The deposit consists of a weathered crust, a sand layer and 308 
soft and highly-compressible clay. Table 2 presents the thicknesses and properties of 309 
the soil strata. 310 
PVDs were installed at a depth of approximately 25 m in a square pattern with a 311 
spacing of 1.5 m. The cross-sectional dimension of each PVD is 100 mm × 4 mm. The 312 
fill was placed at a rate of approximately 0.03 m/day for multiple stages, which can be 313 
modeled as multi-ramp loading. The first filling lasted 18 days. After 72-day 314 
suspension, the second filling took 116 days. When the fill height reached 3.5 m, the 315 
filling stopped for 194 days. The unit weight of the fill material was 20 kN/m3, and 316 
the final applied pressure on the ground surface was 70 kPa. Figure 7 shows the cross 317 
section of the embankment and the instrumentation locations in the field. As shown in 318 
Table 2, AC2 was the thickest soil layer in this cross section and would dominate the 319 
consolidation process. Moreover, the PVDs penetrated the AC2 layer completely. To 320 
simplify the calculation, only the AC2 layer was considered in this study. 321 
Figure 8 shows the flow rate around the PVD with time. The time-dependent flow rate 322 
was obtained by physical modeling tests in the laboratory to simulate the field 323 
condition. This figure illustrates that the time-dependent flow rate decreased 324 
exponentially with time. The fitting relationship between the flow rate of the PVD and 325 
time was obtained by the regression method as v = 0.0282exp(-0.0159×t) (R2 = 326 
0.9777). The DOC under instantaneous loading can be obtained by substituting the 327 
fitting curve expression into Eq. (26). 328 
The construction of the embankment could be divided into two stages, which were 329 
modeled as surcharge loading on the ground surface in two stages. The Terzaghi 330 
equation can be modified to calculate the DOC in each stage as follows [18]: 331 
                    (29) 332 
where Ut is the modified DOC; tn-1 and tn are the starting and ending time of each 333 
stage under a constant-speed loading process, respectively. Since two stages of 334 
surcharge loading were used in this case history, the modified DOC can be calculated 335 
as follows: 336 
when 0 < t < t1                                        (30) 337 
when t1 < t < t2                                       (31) 338 
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when t2 <t < t3                           (32) 339 
when t3 < t < t4                         (33) 340 
where Δp′ and Δp" are the loading increments that correspond to the first and second 341 
stages of loading, respectively. 342 
Figure 9 illustrates the comparison on settlement and EPWP calculated by proposed 343 
solution with field measurement and the prediction using other solutions. The 344 
Hansbo’s consolidation theory [25] is one of the most commonly-used solutions in the 345 
practice, which is simplified with reasonable assumptions. Deng et al [20] proposed a 346 
rigorous analytical solution for consolidation of soil with PVDs at a changing drain 347 
resistance. The calculated settlement was computed using Eq. (28), in which the 348 
ultimate settlement was determined according to the measured data from the field. 349 
Table 2 and Figure 9 show the associated soil parameters for the AC2 layer which is 350 
required in Eqs. (21) to (26). Both the Hansbo’s solution and Deng et al’s solution 351 
were applied herein by using the same modified Terzaghi method as used in proposed 352 
solution for stage loading. Chai and Miura [10] used FEM to simulate the entire 353 
process of surcharge loading for this project and the EPWP was obtained. It can be 354 
illustrated from Figure 9 that the settlement increased rapidly during the surcharge 355 
loading. The increase rate of the settlement became slow after the completion of fill 356 
loading. It can be seen from Figure 9 that the settlement obtained by proposed 357 
solution is consistent with field measurement. Thus it can be concluded that the 358 
proposed solution can accurately predict the settlement. 359 
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By comparing the settlement results with other solutions, it illustrated that the 360 
proposed solution is identical with Deng et al’s solution and numerical simulation 361 
results by Chai and Miura [10]. Due to high simplification and limitation of Hansbo’s 362 
consolidation solution, the settlement results obtained by Hansbo’s consolidation 363 
solution exhibit some discrepancy compared with field measurement and other 364 
solutions. Deng et al’s solution assumes the varying well resistance in PVDs which 365 
can predict the development of settlement with sufficient accuracy, whereas the 366 
varying well resistance is expressed with an approximated formula by regression 367 
summarized by laboratory experimental results. As a result, the overall development 368 
of settlement deviates from the field measurement with acceptable error. Moreover, 369 
similar to other rigorous analytical solutions, Deng et al’s solution is difficult to apply 370 
by geotechnical engineers due to its complexity of the equations and required 371 
parameters. The numerical simulation results by FEM are close to the proposed 372 
solution and field measurement. However, according to the complexity of field project, 373 
the modeling process is complicated and time-consuming. By comparing with other 374 
solutions, it can be concluded that the proposed solution can be an alternative with 375 
acceptable accuracy and simplification in predicting the development of settlement. 376 
Figure 9 also shows the comparison of EPWP with other solutions. The EPWP was 377 
measured at the location of 5 m away from the center line of PVDs and 6 m below the 378 
ground surface. Although the calculated EPWP by proposed solution was lower than 379 
that the measured one, the distributions of the EPWP obtained by the proposed 380 
solution and measurement are similar. This difference may result from the 381 
inhomogeneous soil layer and possible measurement errors in the field. 382 
Even though it is quite different from the measured value, the EPWP calculated by the 383 
proposed solution is in good agreement with those by the rigorous solution and the 384 
FEM before the surcharge load reaches the maximum. The above discussion 385 
demonstrates that the proposed solution, even though is highly simplified, can be 386 
conveniently used to predict the consolidation behavior of soft soil with PVDs for 387 
field applications with good accuracy. 388 
 389 
Case B 390 
Chu and Yan [16] reported a road embankment built on soft soil deposit at Tianjin 391 
Port in China. The thickness of the soil deposit was approximately 20 m. The soft clay 392 
at the depth of 5 to 6 m was reclaimed recently using clay slurry dredged from seabed. 393 
The clay below the reclaimed layer is original seabed clay. To rapidly increase the 394 
strength of the soil layer, the vacuum preloading technique was utilized. Field 395 
implementation was used in two sections (namely Section I and Section II). The 396 
details of the soil properties and construction procedure are well documented in the 397 
literature [15]. Figure 10 shows the schematic diagram of this project, which consists 398 
of a road section of 364.5 m long and 51 m wide. A vacuum pressure of 80 kPa was 399 
applied continuously for 90 days to compress the soft soil deposit. 400 
The vacuum pressure increasing from 0 to 80 kPa in a very short period could be 401 
considered as instantaneous and uniform loading. The Hansbo’s solution could not be 402 
applied in this case history as Hansbo’s consolidation theory is based on the 403 
assumption of instantaneous and uniform fill loading subjected on the subsoil. 404 
However, the time-dependent discharge rate around PVDs increases with the 405 
existence of vacuum pressure. In the absence of time-dependent measurement of 406 
discharge in PVDs, back analysis was carried out to evaluate the development of 407 
discharge. According to the EPWP measurement, the development of discharge rate 408 
was obtained by utilizing Eq. (21). Then the obtained time-dependent discharge rate 409 
was substituted into Eq. (26) to calculate the DOC with time. The real-time settlement 410 
was estimated based on the ultimate settlement calculated by the Asaoka method 411 
using the monitored settlement data and the DOC with time. 412 
Figure 11 shows the settlement and the EPWP reduction calculated by the proposed 413 
solution as compared with the measured results in Section I and II. Even though there 414 
are some differences, the proposed solution reasonably predicted the settlement and 415 
the EPWP reduction in this project. As the ultimate settlements measured in different 416 
sections are different (the ultimate settlements are 1.0 m in Section I and 1.2 m in 417 
Section II, respectively), the development of settlement calculated by proposed 418 
solution is different. And the soil profile is basically the same in both sections, and 419 
thus the calculated EPWP in different sections is on the same curve. Due to some 420 
novel ground treatment methods are proposed during the recent decades, some 421 
conventional analytical solutions may not be adaptive in these new techniques. 422 
However, when the time-dependent discharge rate is available and accurate, the 423 
precise prediction can be achieved by utilizing the proposed solution. As the 424 
prediction by proposed solution is consistent with field measurement, it can be 425 
concluded that the proposed solution is a potential alternative in geotechnical design 426 
of PVD-assisted ground. 427 
 428 
Discussion 429 
To apply the proposed solution to field implementation and monitoring, a parametric 430 
analysis should be conducted to obtain the DOC and time factor curve. Then the 431 
design charts are prepared to make reasonable design and instruct field construction. 432 
According to Deng et al. [19], the discharge rate around PVDs can be expressed as 433 
follows: 434 
                       (34) 435 
where qw0 is the initial value or short-term value of the discharge rate around PVDs; 436 
A0 is the coefficient with respect to the time-dependent discharge rate.  437 
DOC is one of the critical parameters for design of an entire consolidation process. 438 
The DOC can be expressed as follows by incorporating Eqs. (6) (26) (34) and then 439 
integrating the incorporated formula. 440 
                (35) 441 
Generally, the expression for DOC is comprised with the time factor Th (Th = Cht/de2). 442 
Thus to analyze the influence of coefficient A0, a dimensionless factor α is introduced 443 
herein and expressed as follows: 444 
                          (36) 445 
When time becomes infinite, the DOC is 100%. Thus, the DOC can be expressed as a 446 
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                          (37) 448 
Figure 12 illustrates the development of DOC with the time factor. To obtain the time 449 
needed for a specific DOC, the dimensionless factor a is required to be determined. 450 
Based on the fact that the DOC is equal to 100% when time is infinite, the 451 
dimensionless factor a can be derived as follows: 452 
                      (38) 453 
Under field conditions, the parameters qw0 and kh are often variable due to the nature 454 
of soil deposit and measurement errors. Their variability should be considered in 455 
design. The mean horizontal hydraulic conductivity is assumed to be 2 × 10-8 m/s here 456 
according to the literature [14], and the coefficient of variation is assumed to be 0.5. 457 
The mean qw0 is assumed to be 3 × 10-8 m3/s, and its coefficient of variation is 458 
assumed to be 0.5 [28–30, 49]. These two parameters are assumed to have Gamma 459 
distributions. Figure 13 and Figure 14 show the ranges of the dimensionless factor α. 460 
Obviously, if there are more detailed measurements of aforementioned parameters 461 
determined by field and laboratory tests, the distribution of the dimensionless factor α 462 
may be more rational to instruct the geotechnical design. In practical process without 463 
available parameters, an arrangement of PVDs is first assumed and the uncertain 464 
parameters are assumed to be distributed in a typical statistical model based on the 465 
mean value and standard deviation summarized in previous references. Then a most 466 
possible factor α can be determined according to the density of scatter points(e.g. 467 
Figure 13 and 14). Simultaneously, the consolidation curve can be determined when 468 
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the factor α is obtained. According the obtained consolidation curve, the target of 469 
consolidation can be estimated to optimize the arrangement of PVDs by repeating 470 
aforementioned process If the curve for the deterministic dimensionless factor is not 471 
available in Figure 12, a linear interpolation could be conducted to determine the 472 
curve, which will be used to determine the time factor Th required for the target DOC. 473 
According the obtained consolidation curve, the target of consolidation can be 474 
estimated to optimize the arrangement of PVDs by repeating aforementioned process. 475 
In summary, to apply the proposed solution in this study, the following framework is 476 
suggested: 477 
Step 1: Define the target DOC at a certain time period based on project requirements. 478 
Step 2: Select a PVD pattern and improvement approach (e.g., fill preloading or 479 
vacuum preloading) and determine a loading procedure (e.g., single or staged loading). 480 
Step 3: Measure relevant parameters by field surveying and laboratory tests, 481 
including the geometric features of soil and PVD properties, for instance, the initial or 482 
short-term value of the discharge rate around PVDs, the geometric dimension of PVD, 483 
the hydraulic conductivity of soil, and the thickness of the soil stratum. 484 
Step 4: Based on Eq. (38), the factor α is obtained to determine the associated DOC – 485 
time factor curve according to Figure 12. If some properties cannot be determined 486 
accurately, such as the hydraulic conductivity of soil, a specific range of α can be 487 
determined according to the obtained initial or short-term discharge rate around PVDs 488 
from Figure 13 and Figure 14, and then assume a most possible factor α according to 489 
the density of scatter points.  490 
Step 5: Based on the obtained specific factor α, the associated DOC – time factor 491 
curve is used to calculate the dimensionless time factor Th for the soil deposit to reach 492 
the target DOC. If the obtained factor α is not available in Figure 12, linear 493 
interpolation should be carried out to obtain the required DOC – time factor curve. 494 
Find the corresponding time factor under the target DOC and then determine PVD 495 
spacing. 496 
Step 6: In the field, the real-time discharge rate around PVDs, EPWP within the soil 497 
deposit and settlement are monitored to assess the actual consolidation behavior. The 498 
development of the consolidation process can be predicted by substituting the 499 
time-dependent discharge rate into the proposed solution. The proposed solution 500 
based on the discharge rate around PVDs can be a complementary approach to better 501 
describe the consolidation behavior. If the trend of the predicted consolidation process 502 
cannot reach the target, modify the loading process to redesign the consolidation 503 
process. 504 
 505 
Conclusions 506 
This study presents a practical solution for the consolidation of soft soil deposit with a 507 
single PVD based on the discharge boundary condition around PVDs under 508 
equal-strain assumption. The solution can predict EPWP and DOC of soft soil 509 
improved with PVDs. The comparisons of the proposed solutions with numerical 510 
simulation and measured data in two case histories verified the applicability and 511 
accuracy of the proposed solutions. Following conclusions can be made from this 512 
study: 513 
(1) An axisymmetric consolidation solution based on the discharge boundary 514 
condition around PVDs under equal-strain assumption is proposed in this study. The 515 
prediction of the EPWP and the DOC can be determined by substituting the 516 
time-dependent discharge rate around PVDs into the proposed analytical solution. 517 
(2) Numerical simulation is performed by FEM to simulate the consolidation behavior 518 
of a soft soil deposit with a single PVD. As the discharge around PVDs remains 519 
unknown during the entire consolidation process, the idealized consolidation behavior 520 
without well resistance was simulated to determine the time-dependent discharge rate 521 
around PVDs. The relationship between the discharge rate around PVDs and the 522 
consolidation time obtained by FEM simulation is substituted into the proposed 523 
analytical solution. The results show that the DOC and EPWP calculated by the 524 
proposed solution are in good agreement with the simulated results.  525 
(3) Two case histories were used to evaluate the proposed analytical solution. The 526 
comparisons show that the settlement-time curve obtained by the proposed solution is 527 
in good agreement with the measured data. The proposed solution can be applied in 528 
various kinds of soft ground improvement techniques, including surcharging loading 529 
and vacuum preloading, with available time-dependent discharge rate around PVDs. 530 
(4) Design charts for the relationship between the initial short-time discharge rate and 531 
the dimensionless factor α are developed to help choose the range of the 532 
dimensionless factor α and the most possible dimensionless factor α, which can be 533 
used to determine the consolidation curve. Based on the target DOC and obtained the 534 
consolidation curve, the required design parameters can be determined. On the other 535 
hand, the real-time consolidation behavior can be predicted based on proposed 536 
solution by utilizing the field discharge measurement monitored by gauges. The 537 
proposed solution can be a potential complementary approach to the prediction of 538 
consolidation behavior by utilizing settlement and pore pressure measurement in field. 539 
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 545 
Appendix A 546 
Assume n = re/rd, s = rs/rd and R = r/rd. The average radial EPWP can be obtained by 547 
combining Eqs. (10) and (11) as follows: 548 
(A1) 549 
The second part of Eq. (A1) can be rewritten as Eqs. (A2) and (A3) as follows: 550 
                    (A2) 551 
                    (A3) 552 
Eq. (A4) can be obtained by integrating Eq. (A2) as follows: 553 
                    (A4) 554 
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                (A5) 555 
       (A6) 556 
            (A7) 557 
               (A8) 558 
Eq. (A9) can be obtained by integrating Eq. (A3) as follows: 559 
                (A9) 560 
            (A10) 561 
(A11) 562 
                (A12) 563 
                (A13) 564 
The average radial EPWP can be obtained by combining Eqs. (A1), (A8), and (A13) 565 
as follows: 566 
                      (A14) 567 
where 568 
                         (A15) 569 
          (A16) 570 
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Table 1 Parameters for the numerical simulation followed by Rixner et al. 1986 694 
Undisturbed zone 
Density (g/cm3) 2 
Modulus of elasticity (kPa) 1000 
Poisson ratio 0.35 
Permeability (m/s) 2×10-9 
Void ratio 1.5 
Smeared zone 
Density (g/cm3) 2 
Modulus of elasticity (kPa) 1000 
Poisson ratio 0.35 
Permeability (m/s) 1×10-9 
Void ratio 1.5 
Table 2 Parameters for the subsoil followed by Chai et al. 1995 695 
Layer 
H 
(m) 
γ 
(kN/m3) 
e0 Cc OCR 
kh 
(10-8m/s) 
kv 
(10-8m/s) 
Ch (m2/d) Cv (m2/d) 
B 1.0 15.0 2.0 0.58 5 11.45 7.6 0.1 0.067 
AC1 2.8 14.5 2.0 1.0 2 5.7 3.8 0.08 0.053 
AS1 1.3 15.5 1.8 0.1 1.2 290 290 54 54 
AC2 15.0 14.5 2.5 2.0 1.2 2.64 1.76 0.045~0.087 0.03~0.058 
AS2 2.5 16.0 1.7 0.1 1.2 290 290 178 178 
AC3 1.5 16.0 1.75 0.7 1.2 2.64 1.76 0.26 0.173 
Note: Layer B is the top weathered crust. Layers AC1, AC2, and AC3 are soft clay layers. Layers 
AS1 and AS2 are sand layers. H is the thickness of the layer. γ is unit weight. e0 is initial void 
ratio. 
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Figure 1 Schematic diagram of axisymmetric consolidation model 697 
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Figure 2 Schematic diagram of the axisymmetric consolidation model for numerical simulation699 
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Figure 3 Settlement versus distance r from the center of the vertical drain701 
35
30
25
20
15
10
5
0
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
Distance from vertical drain center (m)
Se
ttl
em
en
t (
m
m
)
 30d
 60d
 100d
 702 
Figure 4 Flow rate versus time703 
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Figure 5 Comparison of u0/u0 between the FEM and calculated result705 
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Figure 6 Comparison of DOC between simulation and calculated results707 
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Figure 7 Cross-section of embankment and field instrumentation locations followed by Chai et al. 709 
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Figure 8 Flow rate measured in the field712 
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Figure 9 A comparison of settlement and EPWP714 
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Figure 10 Project site and plan view of instrumentation followed by Chu and Yan 2005716 
364.5 m
51
 m
Section I Section II
Borehole
Water stand pipe
Multi-level settlement gauge
Pore-water pressure transducer
Field Vane
Inclinometer
 717 
Figure 11 Comparison of settlement and EPWP reduction718 
0 20 40 60 80 100
0
20
40
60
80
100
V
ac
uu
m
 lo
ad
in
g 
(k
Pa
)
Duration (day)
-100
-80
-60
-40
-20
0
 
Po
re
 w
at
er
 p
re
ss
ur
e 
re
du
ct
io
n 
(k
Pa
)
 Section I
 Section II
 Calculated result
1.0
0.8
0.6
0.4
0.2
0.
 Section I
 Section II
 Calculated result
 
Se
ttl
em
en
t (
m
)
 719 
Figure 12 DOC – time factor curve720 
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Figure 13 Distribution of α for PVDs arranged in a triangular pattern722 
0 2 4 6 8
0.0
0.2
0.4
0.6
0.8
1.0
0 2 4 6 8
0.0
0.2
0.4
0.6
0.8
1.0
α α
qw0 (×10-9 m3/s) qw0 (×10-9 m3/s)
0 2 4 6 8
0.0
0.2
0.4
0.6
0.8
1.0
α
qw0 (×10-9 m3/s)
0 2 4 6 8
0.0
0.2
0.4
0.6
0.8
1.0
α
qw0 (×10-9 m3/s)
Spacing=0.8 m
rd=0.033 m
u0=100 kPa
ks/kh=0.5
h=10 m
Spacing=1.2 m
rd=0.033 m
u0=100 kPa
ks/kh=0.5
h=10 m
Spacing=0.8 m
rd=0.033 m
u0=100 kPa
ks/kh=0.5
h=20 m
Spacing=1.2 m
rd=0.033 m
u0=100 kPa
ks/kh=0.5
h=20 m
 723 
Figure 14 Distribution of α for PVDs arranged in a square pattern 724 
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